Abstract. In this work we introduce the spaces L p w (ν; X; Y ) for the case where ν is a vector measure and the functions are vector-valued . We establish fundamental properties for such spaces.
Introduction
One of the main concepts in the development of functional analysis is the one of vector measure. Many of the first ideas in geometry and the theory of the Banach spaces in infinite dimension had their theoretical origins in the vector measures. Theorems such as that of Orlicz-Pettis has been the link between the theory of vector measures and the analytic and geometrical theory of Banach spaces by relating in an equivalent way the convergence of series in Banach spaces with σ-additive vector measures. One of the most important properties when study the theory of vector measures is the existence of Radon-Nikodym derivatives of a vector measure with respect to another. This property has important consequences in the study of the weak compactness in spaces of functions as the Lebesgue-Bochner space L 1 (µ, X) where (Ω, A, µ) is a finite measure space. Another known application is the Lebesgue-Bochner space duality theorem L p (µ, X) where its respective dual is L q (µ, X) if and only if X ′ has the property of Radon-Nikodym for p −1 + q −1 = 1.
The introduction of integrable scalar or vector-value functions with respect to a vector measure motivated different ways to define L p spaces. In that development some properties of classical L p space were extended and several applications were discovered in harmonic analysis. See [OB16] and [DM09] .
In conclusion, we can say that speaking about the topological and geometric structure of Banach spaces, operators on L 1 , operators on spaces of measurable bounded functions lead us to the impact of the study of vector measures in the development of functional analysis.
Furthermore the study of vector measures has contributed to other disciplines such as control theory, game theory, stochastic differential equations and statistics. See [EO16] and [GL17] .
With this in mind, being (Ω, A) a mesurable space, X, Y be Banach spaces and ν a vector measure with values in Y , the objective of this article is to define and establish fundamental properties of the spaces L p w (ν, X, Y ) for the case in which the are Xvalued functions and ν is a vector measure valued in Y . More precisely, we consider strongly measurable functions but weakly integrable with respect to a vector measure and the injective tensor product. To do so we will use the definition of a ⊗-integrable function given in [Ste11] and a characterization of the ⊗-integrable functions of order p, for 1 ≤ p < ∞. The characterization is as follows: A vector-valued function is ⊗ -integrable of order p if and only if f p is ν-integrable, that is f p is |y ′ • ν|-integrable for all y ′ ∈ Y ′ and also for each E ∈ A there exists an element of Y denoted by E f p dν, such that
for each y ′ ∈ Y ′ . In order to build the spaces L p w (ν, X, Y ) we rely on the ⊗-integrable functions of order p, for 1 ≤ p < ∞, that only satisfy the first condition. We will establish fundamental properties for these spaces. The norm here considered is an extension of the one used in [CB08] . We will proved that the spaces L [Ste93] . We point out the difficulty of dealing with these spaces, for instance as we will explain at the end of this note, their duals do not coincide with L q w versions. This pathology even survives in the case of X = R, e.g. of real valued functions integrating with respect to a vector measure.
preliminares
In [Lew70] Lewis defined the concept of ν -integrability of a real valued function in a Hausdorff and locally convex space. We will state in the case of Banach spaces.
For every E ∈ A there exists an element of Y denoted by E f dν, such that
In In [P01] , Sanchez extends the definition of
Definition 2.2. Let 1 < p < ∞ and ν be a vector measure σ -additive. We will say that a real measurable function is p-integrable with respect to ν if |f | p is ν -integrable.
Additionally, Sanchez shows that with the norm
is a Banach space and that the set of simple functions is dense in L p (ν).
In [P01] , Sanchez shows with an example an interesting situation in these spaces and that if p and q are such that p
In [Ste93] , Stefánsson defines that a real valued measurable function in the usual sense is weakly integrable, if for all 
and containing L 1 (ν) as a closed subspace.
is defined as the space ( ν -equivalence classes of) of the measurable functions such that |f | p ∈ L 1 w (ν) . It can be shown that with the norm
Additionally, the following relationships between these spaces are shown.
. Remark 2.4. Recall, thanks to Rybakov's theorem that for every vector measure ν there exists a real measure of control µ that makes the vector measure ν to be µ -continuous. In [DM09] it is said that for p = ∞, the space L ∞ (ν) of the measurable functions that are bounded ν -c.t.p, coincide with the space L ∞ (µ). That is the reason why they do not consider that case.
In order to extend the notion of these spaces to vector-valued and ν -measurable functions, following Stenfánsson in [Ste11] we will say that a vector-valued and ν-measurable function f is ⊗ -integrable, if there exists a sequence of simple functions
This definition allows us to make the following observations.
Remark 2.5.
(
f n ⊗ dν exists and is unique.
(4) It can be shown that this limit is independent of the choice of (f n ) n∈N .
Let f be a ν -measurable function. In [Ste11] Stenfánsson defines the space L 1 (ν, X, Y ) as the vector space of all ( ν -equivalence classes of) functions ⊗ -integrables equipped with the norm
With this norm Stenf ánsson shows that L 1 (ν, X, Y ) is a Banach space.
In [CB07] additional properties of L 1 (ν, X, Y ) are shown as the fact of being a Banach lattice, a separable space and the density of the set of simple functions in
, define the spaces L p (ν, X, Y ) for 1 < p < ∞ in the following way:
As a consequence of this definition, they state that if f is ⊗ -integrable of order p then the expression
which is a norm and with this norm L p (ν, X, Y ) is a Banach space.
Additionally, they test properties similar to those given by Stenfánsson in [Ste11] , among one of these properties is that f is ⊗ -integrable of order p if and only if f
its properties to highlight demonstrate the existence of the dominated convergence theorem of order p.
Other properties that they show is that
for 1 < p < ∞ and exhibit a dual of the spaces L p (ν, X, Y ) as a generalization of what was done by Sanchez in [P01] .
In [CB08] to generalize the spaces cited by Sanchez for real valued weakly integrable fucntions, Chakravorty and Basu start with of the functions f that are weakly measurable and create the spaces w-L p (ν, X, Y ) establishing several properties.
With these preliminaries staged we will define the spaces L p w (ν, X, Y ) for functions ν -measurable and integrable with respect to |y ′ • ν| for all y ′ ∈ Y ′ and we will state properties of separability and density of simple functions among others .
Results
We are based on the Theorem 1 in [CB08] that f is ⊗ -integrable of order p if and only if f ∈ L p (ν), we will define the spaces L p w (ν, X, Y ).
If the expression
then it can be shown that it is a norm that we will denote by f L p w (ν,X,Y ) and in addition to this norm L p w (ν, X, Y ) is a Banach space.
We will show that
then µ m and µ are vector measures σ-additive and therefore
when n → ∞ and holds for all E ∈ A. And hence f ∈ L 1 (ν). In conclusion f ∈ L 1 (ν, X, Y ).
Of the previously defined, we can also show that
and
We are going to state properties of density and separability for these spaces. Para hacerlo demostraremos el siguiente teorema. Proof. Let f ∈ L p w (ν, X, Y ). As a consequence of the Pettis measurability theorem for vector measures there exists a sequence of functions (f n ) n∈N ν-measurables that only assume countably many values such that f n − f ≤ 1/n, ν -c.t.p. Hence
for each E ∈ A. Indeed, writing
Now we will show that the L p w (ν, X, Y ) spaces are separable.
Theorem 3.5. Let (Ω, A) be a measurable space and be p a real such that 1 ≤ p < ∞. If X is a separable Banach space and the σ-algebra is countably generated, then the space L p w (ν, X, Y ) is separable.
Proof. Let D be a dense and countable subset of X. Since A is countably generated then there exits a countable set F ⊂ A. We consider the collection of all finite sums 
We assume that g is written as n j=1 α j χ A j where each α j ∈ X and every A j ∈ A. We are going to show that for this function g, there exist q j ∈ D and D j ∈ F such that
In fact, since X is separable for each α j we can choose a q j such that
This shows that the space L p w (ν, X, Y ) is separable. We now establish a Hölder inequality for our spaces. 
Proof. We will use Young's inequality
In this case let be
If X is a Banach algebra, the Hölder inequality is modified as follows:
Proposition 3.7. (Hölder Inequality). Let 1 < p < ∞ and
In the above statement f (w)g(w) denotes the multiplication of f (w) and g(w) in the algebra X.
Despite the existence of reasonable Hölder inequalities, the study of duals for these spaces exhibit some pathologies. We now make some observations regarding the duality of the spaces L p w (ν, X, Y ). To do so we will begin by giving the following definitions given in [KG75] . 
